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The logarithmetic L, of a quasigroup Q may be represented by means of 
the set QR of mappings of some subset R of Q into Q. This representation 
uncovers a few structural properties of the logarithmetics, especially in the 
finite case. 
Theorem 3 asserts that the logarithmetic of a finite plain quasigroup is the 
direct sth power of the quasigroup, where s is the number of “automorphism 
free” elements of Q 
L, = Qc8'. 
Moreover, if Q is plain, of order n, and if N denotes the order of L, , then 
N = @Iv (2) 
where Y is the order of the group of automorphisms of Q which I have called 
the range of Q. 
The following results for finite plain quasigroups are easily obtainable by 
means of representation of Q by a set of mappings QR: 
(1) The logarithmetic of a plain quasigroup is a group if and only if its 
order is equal to the order of Q (see [9]). 
(2) Two quasigroups Q, QO which are of the same order and range 
have their logarithmetics isomorphic with respect to multiplication. 
(3) Two isotopic plain quasigroups which have the same order n and 
range r have isotopic logarithmetics. 
The main theorem is generalized to an infinite case. 
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1. INTRODUCTION AND DEFINITIONS 
By an algebra is understood a system closed with respect to a binary 
operation which may be represented as multiplication. It is a quasigroup if in 
it equations ax = b, ya = b have unique solutions X, y. 
A power aT of an element a of an algebra A is a continued product in which 
all elements are equal to a. The symbol used to denote the power is the index 
of the power. The addition and multiplication of indices is defined in a usual 
way: 
ar+s = ar . as, ars = (ar)S. (3) 
It was shown by Etherington [3] that the indices of the general element of an 
algebra satisfy the following laws: 
but in general 
(r + s)t = rt + st, (n)t = r(st), (4) 
(I + s) + t # r + (s + t), r(s + t) # rs + rt, r + s # s + r, ys # .w. 
Suppose we are dealing with an algebra A in which ar = as holds for all 
a E A. Then we term indices Y and s equal relative to the given algebra A and 
write T = s. This equality of indices defined for agiven algebra is an equiv- 
alence relation which groups indices into classes of equal indices. I have 
introduced the term p&integer for such a class [6, Ill. A quasiinteger is 
denoted by any of the equated indices. The quasiintegers can, of course, be 
added and multiplied just like indices in (3). 
DEFINITION. The set of all quasiintegers of an algebra A together with 
operation of addition and multiplication is called the logarithm& of A and 
denoted by L, . 
Let A be an algebra of a finite order n, consisting of elements 1, 2,..., n. 
Any nonassociative power s is completely determined if we know ls, 2”,..., nS. 
Therefore, the quasiinteger s of LA may be represented by a vector 
s = (18, 2”,..., ?P> (5) 
and we obtain all distinct quasiintegers of L, if we let s in (5) run through all 
nonassociative powers. 
The addition and multiplication of quasiintegers in this representation is 
defined by means of obvious equalities 
Y + s = 11’ . 1” ,..., 71’ * @), rs = {(I’)” ,..., (@?)“I. (f-9 
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Every vector (5) represents, in fact some mapping of A upon A, each 
mapping representing one and only one quasiinteger of LA . Thus, the 
logarithmetic of A is represented by the set of all single-valued mappings 
generated by the identity mapping with operations of addition and multiplica- 
tion defined by (6). I n g eneral, if Q and R are nonempty sets, we denote by 
QR the set of all single-valued mappings of R into Q. 
If Q is a finite quasigroup, representation of L, by means of (5) and (6) is 
some subset of Q Q. In some cases the rep‘resentation may be reduced to a 
representation of LQ by means of single-valued mappings of some subset 
of Q upon Q; so that we have 
LQ c QR, RCQ. (7) 
I have shown previously [6, 1 I] that with respect to addition the logarith- 
metic of a quasigroup is always a quasigroup homomorphic to Q 
L,(+)+Q. 
DEFINITION. A quasigroup is plain provided: 
(i) each element of Q generates Q, 
(ii) a homomorphism of Q upon a quasigroup is either an isomorphism 
or maps Q upon a quasigroup of order one. 
Let Q be plain, with logarithmetic L, . Call a subset R of Q an independent 
representing subset for LQ if R is nonempty and if every element of QR is 
induced by an element of L, . 
In case of a finite quasigroup of order n, R is any subset of s distinct 
elements of Q, say R = 1,2,..., s such that the mapping 
(1, 2,..., 4 
generates all possible n* mappings of R into Q. 
2. PRELIMINARY LEMMAS 
LEMMA 1. Let Q be a plain quasz~roup of order n, let R be ati independent 
representing subset for L, , and let b be any element of Q. Then exactly one of 
the following must be true: 
(I) b* = by for all x, y in L, such that ix = iv for all i E R. 
(II) b is not in R and R u 6 is an independent representing subset of Q. 
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Proof. Suppose (I) is false, so that there exist s, t in Lo with 
is = it (8) 
for all i in R, 
Then b is not in R. 
b” # bt. (9) 
Since R is an independent representing subset, the restriction of Lo to R 
is a homomorphism 9 of L,( +) upon QR( +): 
v Lo(+ I- Q"(+). 
The homomorphism p induces the mapping 
e: x+b”, XEL,. 
Clearly, 0 is a homomorphism. Moreover, since Q is plain b generates Q so 
that 19 is a homomorphism of Lo(+) upon Q. For each x in Lo let (x) be the 
equivalence class of x corresponding to 0. Then, by standard theorem on 
homomorphisms, the sets (x)19 = b(“) are the equivalence classes for a homo- 
morphism 4 of Q upon a quasigroup of order n/k where k denotes the order 
of (x)8. Since Q is plain, 1c, is either an isomorphism or maps Q upon a group 
of order one. $ is not an isomorphism since by assumption (8) and (9) the set 
(s)B contains at least two distinct elements of Q. Consequently # maps Q upon 
the group of order one. Hence 
b(G) = Q for all x in Lo . 
In other words, R u b is an independent representing subset for Lo , so 
that if R consists of elements 1, 2 ,..., s the mapping {I”, 2” ,..., sx, bz) runs 
through all possible n $+I single-valued mappings of R u b upon Q. 
Clearly, (I) and (II) are mutually exclusive. 
The following theorem is an immediate consequence of Lemma 1. 
THEOREM 1. Let Q be a plain quasigroup (for example a finite plain quasi- 
group) which has a maximal independent representing subset R for Lo . Then 
L,( +) is isomorphic to QR( +). 
LEMMA 2. Let Q be a plain quasigroup, let R be a (possible empty) subset 
of Q and let a, b be two distinct elements of Q mh that R u a and R U b are 
independent representing subsets for Lo , then exactly one of the following must 
be true: 
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(I) R u a u b is an independent representing subset of Q; 
(II) There exists an automorphism which maps a upon b. 
Proof. If R is nonempty, let M be the set of all elements of Lo which 
induce the identity mapping on R. If R is empty, let M = Lo . 
Assume (I) is false. By Lemma 1, since R U a is an independent represent- 
ing subset, but R U a u b is not, we apply (I) so that if m, n are elements of M 
such that am = an then 6” = b”. Similarly with a and b interchanged. Hence 
am = an if and only if b* = bn for all m, n in M. (10) 
Since R u a is an independent representing subset, each element of Q has 
representation am for at least one m in M. Similarly with a and b interchanged. 
Moreover, M(+) is a quasigroup. By this and (10) the mappings 
8’: allZ+ bm and 8”: bm-+am, 
all m in M, are reciprocal endomorphisms of Q upon Q. In particular $I = 13 
is an automorphism of Q which (since M contains the identity mapping) maps 
a upon b. Thus, (II) is true. Clearly, (I) and (II) are mutually exclusive. 
The elements a, b of a plain quasigroup will be called equiwalent if and only 
if there exists an automorphism of Q which maps a upon b. Note that ine- 
quivalent elements are distinct. 
3. AUTOMORPHISMS AND DERIVED VECTORS 
The present section studies the connection between the derived vectors 
of a plain quasigroup and the equivalency of its elements. 
In my earlier publications [7, 81 a vector formed of elements of a plain 
quasigroup Q is called a derived vector of Q if it generates a quasigroup iso- 
morphic to Q with respect to addition. I have called the maximal number of 
distinct elements of Q forming a derived vector of Q the range of Q, and 
denoted it by Y. 
In the present section it is shown that a derived vector of Q is formed of 
equivalent elements of Q, and that the range of Q is, in fact, the order of the 
group of automorphisms of Q. Previously I have established the following 
result (see [7]). 
THEOREM 2. If Q is a plain quasigroup of order n and range Y then Y divides 
n and all the elements of Q may be split into n/r mutually exclusive classes of r 
elements, each class forming Y distinct r-rowed derived vectors of Q. 
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This result can now be modified as follows. 
THEOREM 2’. Let Q be a plain$nite quasigroup of order n and range Y, then 
the elements of Q may be split into n/y mutually exclusive classes such that each 
class consists of t distinct equivalent elements of Q and the elements belonging to 
distinct classes are inequivalent. 
Proof. Denote elements of Q by 1, 2,..., n. Let these elements split into 
mutually exclusive classes 
(1,2,-v r), (y + l,..., 2r) )..., (n - Y + l,...) n) (11) 
according to Theorem 2. Let b belong to class (1, 2,..., r) of (11). Since by 
Theorem 2 (1,2,..., Y} is a derived vector of Q, it generates a quasigroup of 
order n, so that when x runs through all quasiintegers of L, , bx runs through 
n distinct values of Q concurrently with 1 I. In other words, condition (I) of 
Lemma 1 is satisfied. Therefore 1 u b is not an independent representing 
subset for L, and consequently, by Lemma 2(11), b is equivalent to 1. This, 
clearly, holds for all Y distinct elements of every class (11) which proves the 
first part of the theorem. 
To prove the second part, let c be an element belonging to a class (11) 
distinct from (1, 2,..., r). Then there is no automorphism which maps 1 upon 
c. For, suppose the opposite is true, i.e., suppose there exists an automorphism 
q which maps 1 upon c. Then 1” and cz run concurrently through Q when 
x runs through all quasi-integers which implies that {1,2,..., r, c} is a derived 
vector of Q, contradicting the definition of the range of Q as the maximal 
number of distinct elements of Q forming a derived vector. Consequently, 
the elements belonging to distinct classes (11) are inequivalent, which 
completes the proof of the theorem. 
COROLLARY 1. The range of a finite plain quasigroup is the order of its 
group of automorphisms. 
This follows immediately from the fact that the maximal number of 
distinct elements of Q forming a derived vector is, in fact, the maximal 
number of coequivalent elements of Q. 
COROLLARY 2. Let Q be a plain qua@roup of order n and range r. Then 
Q may be represented by the set of m-rowed vectors 
{a,“, aax,..., a,“>, 
wke m = n/r, x runs through all quasktegers of L, , and the elements a, 
a2 ,..., a, are in8quivalent. 
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Proof. Consider the classes (11). By Theorem 2 each of the vectors 
(1, 2,-v r>, {r + I,..., 2Y} )...) {n - r + l,..., ?z} (12) 
generates a quasigroup isomorphic to Q. Remembering that every element 
of Q is its generator, the vector representation (5) of L, may be simplified if 
we replace vectors (12) by the corresponding elements 1, Y + l,..., 12 - Y + 1, 
respectively. Clearly, by Theorem 2’ the latter elements are inequivalent, 
since they belong to distinct classes (11). Relabeling them as a, , a2 ,..., a, we 
obtain a representation of L, by the set of m-rowed vectors 
where x runs through all quasiintegers of L, and the elements a, ,,,., a, are 
inequivalent. 
4. LOGARITHMETICS OF PLAIN QUASIGROUPS AS DIRECT PRODUCTS 
The main result of the present paper is that the logarithmetic of a plain 
quasigroup is the direct mth power of the quasigroup. This result is proved 
in the present section. 
LEMMA 3. Let Q be a plain quasigroup and let R be any jnite nonempty set 
of mutually inequivalent elements of Q. Then R is an independent representing 
subset for LO . 
Proof. Our proof is by induction on the number k of elements of R. 
The lemma is trivially true if k = 1. Hence we may assume that R contains 
two inequivalent elements a, b. Let R = Q u b, then it is an independent 
representing subset by Lemma 2(I). 
Let R = a u b u c, where a, b, c are inequivalent. Then a u c and b u c 
are independent representing subsets for L, and consequently by Lemma 
2(I) so is a u b u c. 
In general, let a, b be two elements of R. Denote the set of remaining 
elements of‘R by R’ and let us make an inductive assumption that both 
R’ u a and R’ U b are independent representing subsets for L, . Then, since 
a and b are inequivalent, we deduce from Lemma 2 that R’ u a u b is also 
an independent representing subset for L, . The lemma is proved. 
THEOREM 3. Let Q be a finite plain quasigroup of order n and range r, and 
let S be a subset of m = n/r mutually inequivalent elements of Q, then 
Lo(+) zs Q”. (13) 
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Proof. Let S = (aI , aa ,..., a,} where”@, ,..., a, are mutually inequivalent. 
By Corollary 2 to Theorem 2’ Lo may be represented by the set of m-rowed 
vectors {ur”,..., a,*} x runs through all quasiintegers of Lo . Moreover, by 
Lemma 3, S is an independent representing subset for Lo. Thus, Lo is 
representable by the set of all nm mappings of Q upon S. 
COROLLARY. Let Q be a Jinite plain quasigroup of order n which has no 
automorphisms. Then 
L, = QQ, 
5. SOME APPLICATIONS OF VECTOR REPRESENTATIONS OF L, 
THEOREM 4. Let Q, Q,-, be two finite plain quasigroups of the same order n and 
range r. Then their logarithmetics are isomorphic with respect to multiplication. 
This follows from the fact that the logarithmetics of Q and Q,, can both be 
represented by the same set of n/r-rowed vectors. With respect to multiplica- 
tion these vectors are represented by the same set of IZ x tl permutation- 
matrices (some of which may be singular). Hence the result. 
THEOREM 5. Let Q, Q0 be two Jinite plain quasigroups of the same order n 
and range r. Then, if Q is isotopic to Q. , the logarithmetics of Q and Q,, are 
isotopic with respect to addition (see [IO]). 
Both logarithmetics Lo and LoI, are representable by the same set of n/r- 
rowed vectors, with operation of addition defined relative to each quasigroup. 
Let Q be isotopic to Q,, . Then there exist three one-to-one transformations 
u, v, w such that 
a . b = (au o bu)w (14) 
where ., 0 are operations in Q. , Qa , respectively. 
Let qi , qj be two n/r-rowed vectors, each representing a quasiinteger of 
Lo and, in general, a different quasiinteger ofLo . Write them as 
qi = Ia1 ,..., a,), qi = P, ,.a., &J. 
Then by (14) there exist u, v such that 
ai * bi = (aiu 0 bio)w i = l,..., m. 
Denote by U, V, W the mappings induced by II, v, w then 
qi + qj = {al * b, ,..., a, . b,J 
= ((alU 0 bl+‘)u,..., (a,” 0 b,v)W) 
= kiU * dY, 
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where U, V, W are defined by 
qy = (a,“,..., urn%} 
and similarly for V, W, and +, sy are operations of addition in L, and L, 0 
defined with respect to the multiplication tables of Q and Q,, . 
It follows that the logarithmetics of Q and Q,, are isotopic with respect to 
addition. 
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